We present the identification of 634 variable stars in the Milky Way dSph satellite Sculptor based on archival ground-based optical observations spanning ∼24 years and covering ∼ 2.5 deg 2 . We employed the same methodologies as the "Homogeneous Photometry" series published by Stetson. In particular, we have identified and characterized one of the largest (536) RR Lyrae samples so far in a Milky Way dSph satellite. We have also detected four Anomalous Cepheids, 23 SX Phoenicis stars, five eclipsing binaries, three field variable stars, three peculiar variable stars located above the horizontal branch -near to the locus of BL Herculis -that we are unable to classify properly. Additionally we identify 37 Long Period Variables plus 23 probable variable stars, for which the current data do not allow us to determine the period. We report positions and finding charts for all the variable stars, and basic properties (period, amplitude, mean magnitude) and light curves for 574 of them. We discuss the properties of the RR Lyrae stars in the Bailey diagram, which supports the coexistence of subpopulations with different chemical compositions. We estimate the mean mass of Anomalous Cepheids (∼1.5M ⊙ ) and SX Phoenicis stars (∼1M ⊙ ). We discuss in detail the nature of the former. The connections between the properties of the different families of variable stars are discussed in the context of the star formation history of the Sculptor dSph galaxy.
tor is one of the "classical" Milky Way dSph satellites. After the Magellanic Clouds, it was the first to be discovered along with Fornax (Shapley 1938) . Sculptor's stellar content has been investigated in a large number of papers, using different techniques. Large scale and/or deep photometric surveys provided colourmagnitude diagrams (CMDs) showing an extended horizontal branch (HB, Majewski et al. 1999; Hurley-Keller et al. 1999; Harbeck et al. 2001) , and a wide colour spread of the red giant branch first mentioned by Da Costa (1984) . While it is well established that Sculptor is composed of a predominantly old population (Monkiewicz et al. 1999; de Boer et al. 2011) , it clearly presents some age spread (Tolstoy et al. 2004; de Boer et al. 2012 ). The chemical enrichment history of Sculptor has been investigated through spectroscopy of its RGB (Tolstoy et al. 2004; Kirby et al. 2009; Starkenburg et al. 2013; Skúladóttir et al. 2015) and HB stars (Clementini et al. 2005) , revealing a large range in metallicity, of the order of 1 dex. In Martínez-Vázquez et al. (2015) (hereafter Paper I), based on the pulsational properties of RR Lyrae (RRL) stars, we showed that a similar metallicity spread (∼ 0.8 dex) was already in place at an early epoch (>10 Gyr), imprinted in the parent population that we observe today as RRL stars.
The first investigation of the variable-star content in Sculptor dates back to the work by Baade & Hubble (1939) and Thackeray (1950) . However it was not until van Agt (1978) that a conspicuous population of 602 candidate variable stars was discovered and periods for 64 of them were provided.
The most complete catalogue of variable stars (in terms of providing pulsational properties) in Sculptor is that of Kaluzny et al. (1995) . They investigated the central region of the Sculptor dSph (∼ 15 ′ ×15 ′ ) as a side-program of the OGLE I project. They identified 231 variable stars that were classified as 226 RRL, 3 Anomalous Cepheids (AC), and 2 long period variable (LPV) stars. Their properties are consistent with a metal-poor population ([Fe/H] < -1.7). A spectroscopic follow-up made by Clementini et al. (2005) confirmed this result through low resolution (R≈800) spectroscopy of 107 variables using the ∆S method. In particular, they found that the metallicity peaks at [Fe/H] ∼-1.8.
In Paper I we reported on the detection of a large metallicity spread and spatial gradients within the population of Sculptor's RRL star population. In this work we present the full catalog of variable stars detected in this galaxy employing the same methodologies as the "Homogeneous Photometry" series (Stetson et al. 1998a; Stetson 2000; Stetson et al. 2003; Stetson 2005; Stetson et al. 2005 Stetson et al. , 2014 . In § 2 we present the extensive data set of 4,404 images used in this analysis. In § 3 we discuss the variable-star detection and classification. We later discuss in detail different families of variable stars: RRL stars ( § 4), AC ( §5), SX Phoenicis (SX Phe, § 6), and other groups (peculiar, binaries, long period and probable variable stars, § 7). In § 8 we discuss the properties of the old populations of Sculptor, analysing its RRL stars in detail. A summary of our conclusions ( § 9) closes the paper. We highlight that in the online version of the paper we provide full details on all the variable stars discussed: time series photometry, light curves, mean photometric and pulsational properties and finding charts.
PHOTOMETRIC DATA SET
The photometric data set used for this study consists of 5,149 individual CCD images obtained during 21 observing runs between 1987 October and 2011 August (i.e., over nearly 24 years). It covers an area over the sky of ∼4.7 deg 2 centred on the Sculptor dSph galaxy. However, only 4,404 images (within ∼ 2.5 deg 2 ) were calibrated photometrically, while the area with a significant number of epochs for the variability study is further reduced to ∼ 2.0 deg 2 . These data were acquired with a variety of cameras on a number of different telescopes at the European Southern Observatory, Cerro Tololo Interamerican Observatory, and Las Campanas Observatory as detailed in the accompanying Table 1 . For each of the observing runs the table specifies the beginning and ending dates of the run (although it is not necessarily true that Sculptor was observed on all the nights during any given run). Table 1 also identifies the telescope and the detector system used for each of the runs, as well as the number of separate exposures obtained in the B, V , R, I, and "other" filter passbands. The "multiplex" column indicates the number of individual disjoint CCDs in each instrument. For instance, the ESO/MPI Wide Field Imager used during run, "wfi33", has eight adjacent CCDs; the six individual exposures obtained during this run produced 6 × 8 = 48 separate CCD images that contributed to our overall total of 5,149. However, no individual star was contained in more than six of the 48 images from that run, since the different CCDs map to non-overlapping areas on the sky. Similarly, the SUSI camera on the ESO NTT telescope had two adjacent CCDs, so the 45 individual exposures obtained during run 4,"susi9810," comprised 90 separate CCD images.
All 5,149 CCD images were processed to produce instrumental magnitudes for individual stars using the DAOPHOT/ALLSTAR/ALLFRAME package of programs (e.g., Stetson 1987 Stetson , 1994 ; those which could be were then calibrated using the protocols described by Stetson (2000 Stetson ( , 2005 . These methods have by now been used in a large number of refereed papers by members of our collaboration, and more elaborate details are not needed here. The few exposures that we have designated as being obtained with "other" filters in Table 1 are not used photometrically here, but they were included in the ALLFRAME reductions to exploit the information they could provide toward the completeness of the star list and the quality of the astrometry.
From two of the observing runs, 7 = wfi36 and 21 = lee1, we inferred at least some magnitudes on the standard Landolt photometric system from observations that were obtained in non-standard filters. In particular, in run 7 (wfi36) 13 exposures were obtained using the standard Wide-Field Imager "B" filter and 13 were obtained with the standard "R" filter. However, an additional nine exposures were obtained using a DDO51 (magnesium hydride) filter (MB#516/16 ESO871, central wavelength 516.5 nm, width 16.2 nm) and another ten were obtained with a Washington M filter. (In a quick search on the internet we were unable to locate the filter properties for the ESO/WFI M filter, but the defining M filter has central wavelength 508.5 nm and width 105.0 nm : Canterna 1976 ) By simple trial we learned that, allowing for quadratic colour terms in the calibrating transformation equations, we were able to use these filters to predict Landolt-system V -band magnitudes with a star-to- star reliability σ ∼ 0.05 mag from the DDO51 magnitudes, and ∼ 0.02 mag from the M magnitudes. In our opinion, this precision is good enough to use these observations to help define the variable-star light curves, but we would hesitate to use these in calibrating our best CMD for Sculptor. Similarly, in the run we have identified as "lee1" (our number 21), the observations were made in the Strömgren b and y filters, and in a Calcium H+K filter. (We were unable to locate the filter characteristics of the Ca filter then in use with the CTIO 4.0m Mosaic Camera, but the filter used on the smaller CTIO telescopes is described as having central wavelength 396.0 nm and width 10.0 nm.) We made no attempt to calibrate the Ca observations photometrically, but we found that with quadratic colour coefficients b could be transformed to B with a star-to-star reliability of 0.03 mag, and y transformed to V with a reliability of 0.02 mag. Again, we feel that these are good enough to employ for the variable-star light curves, but would hesitate to include them in the CMD.
The individual B, V and I measurements for all of the detected variables in the calibrated field of Sculptor are listed in Table 2 . They were named with the prefix "scl-CEMV" (which refers to the name of the galaxy and the current work), followed by a number which increases in order of increasing right ascension.
VARIABLE STAR IDENTIFICATION AND COLOUR-MAGNITUDE DIAGRAM
We performed the variability search over the full data set, using an updated version of the Welch-Stetson variability index (Welch & Stetson 1993; Stetson 1996) Table 3 reports a summary of the full list of putative variable stars.
We derived pulsational properties for all the variable stars using our B V I -Johnson/Cousins photometry. An initial period search was carried out using a simple stringlength algorithm (Stetson et al. 1998b ). The intensityaveraged magnitudes and amplitudes of the mono-periodic light curves were obtained by fitting the light curves with a set of templates partly based on the set of Layden et al. (1999) following the method described in Bernard et al. (2009) . tometrically calibrated part of the field. The solid ellipses mark the core and tidal radii (the latter is only partially visible in the south-west corner). As the present database consists of a large selection of observations collected from different projects, the number of phase points is not constant over the field and increases towards the centre of Sculptor. The dashed ellipse marks the area corresponding to the elliptical radius (equivalent distance along the semi-major axis) of 27.5 ′ where we estimate the completeness to be homogeneous (discussed below) in the variable star detection, at least in the magnitude and period range typical of RRL stars. The inner square marks the area covered by the Kaluzny et al. (1995) RRL stars. It is worth mentioning that the covered area is nearly similar to that observed by van Agt (1978) . He identified 95 percent of his candidates (602) inside of our current area. However, van Agt (1978) provided periods only for a few (64). On the other hand, we note that, given the large tidal radius of Sculptor, many RRL stars are likely still to be discovered.
Focusing on the homogeneity of the sample, Fig. 3 shows the number of phase points for each identified RRL star as a function of the elliptical radius for the B , V , and I filters (blue, green, and red dots, respectively). The plot shows that the V band has the largest number of points in the central regions (greater than 170 for elliptical radius < 5 ′ and lower than 100 for elliptical radius > 5 ′ and < 20 ′ ), while the B observations number above 50 out to ∼20
′ . The mean number of points in both bands remains above 40 out to 27.5
′ . The number of I band points is relatively constant (∼ 15) out to the same distance and then slowly declines. Given the large number of independent observing runs and the large time baseline, we are confident that we have a high and relatively homogeneous completeness for detection of RRL stars out to 27.5
′ . This is shown as a dashed ellipse in Fig. 2 .
RR LYRAE STARS

Classification
Based on the pulsational properties, light curves (LCs), and positions on the CMD, we identify 536 RRL stars. Of these, 390 were flagged by van Agt (1978) as candidate variables (but periods were provided for only 53 of them), and 65 were discovered by Kaluzny et al. (1995) ; the remaining 81 are new discoveries. Kaluzny et al. (1995) presented the analysis of 226 RRLs, although we show in § 4.4 that 10 of these are probably not RRLs. Here we provide the pulsation parameters (period, mean magnitude and amplitude) for 320 RRLs for the first time.
We sub-classify the sample of RRL stars as: i) 289 RRab, pulsating in the fundamental mode; 20 of them are suspected Blazhko stars, (Blazhko 1907) ; ii) 197 RRc, pulsating in the first-overtone mode; and iii) 50 possible multimode RRd stars, pulsating in both modes simultaneously. The classification of the latter was uncertain in some cases due to their relatively noisy or (very) poor light curves.
The LCs of all the RRL stars are presented in Fig. 4 and their basic properties (position, period, amplitude and mean magnitude in B, V and I Johnson/Cousins bands) are detailed in Table 4 . The mean (maximum) number of points in the light-curves of the RRL stars are 52, 83, and 21 (115, 182 and 28) respectively in B, V , and I . Fig. 1 shows that a few RRLs stars appear far from their expected location, presumably due to the poor coverage of the LC causing erroneous mean magnitudes in the different photometric bands. To avoid these outliers, following the procedure of Paper I we selected those (520) with mean V magnitude within 2.5σ from the average of the population (20.13 mag): these define the full sample that will be adopted in the analysis throughout the paper. On the other hand, a more restrictive selection was performed based on the quality of the phase coverage of the photometry over the entire pulsation cycle based on visual inspection of the individual light curves and the period-magnitude diagram, resulting in the sample of 290 RRL stars that we defined as the clean sample (tinted background in Fig. 4 ). In summary, Figure 2. Spatial distribution of the detected variable stars in and around the Sculptor dSph based our current photometry database. Static stars are represented by gray dots. The RRL stars, AC, SX Phe, eclipsing binary, field variable stars, LPV, the three peculiar variables and the probable variable are shown, with the same symbols as in Fig. 1 . The innermost ellipse represents the core (rc=5.8 arcmin; Mateo 1998). The outermost ellipse (of which only a small arc appear in the south-west corner) corresponds to the tidal radius (rt=76.5 arcmin; Irwin & Hatzidimitriou 1995) . The dashed ellipse is the radius (∼ 27.5 arcmin) from which the number of points per light curve of RRL is lower than 40 in the B and V bands. The field of view of the study presented in Kaluzny et al. (1995) we have identified 276 (167) RRab + 195 (123) RRc + 49 (0) candidate RRd variables in the full (clean) sample. . These values are in good agreement both with theoretical predictions (Bono et al. 1997b) and with observations of RRLs in Galactic globular clusters (Di Criscienzo et al. 2011 ). This supports the accuracy of our derived pulsation properties for Sculptor's RRL stars.
Periods and Amplitudes
In Fig. 6 , we present the Bailey (period-amplitude) diagrams (top panels) and the period distributions (bottom panels) for the full (left panels) and the clean (right panels) samples of RRL stars. Galactic globular clusters (GGCs) with RRLs can be classified into two groups (Oosterhoff 1939 (Kuehn et al. 2008; Bernard et al. 2009 Bernard et al. , 2010 ; a Q1 is a parameter associated with quality of the light curve: 0-good, 1-poor quality, 2-noisy, 3-outliers, 4-blended, 5-Blazhko effect. b Q2 is a parameter related with the coverage of the light curve: 0-not well sampled and/or too noisy (full RRLs sample), 1-well sampled and not too noisy (clean RRLs sample). In the case of the 16 outliers, they are pointed out by an "X". Full version are available as Supporting Information with the online version of the paper. Garofalo et al. 2013; Stetson et al. 2014; Cusano et al. 2015; Ordoñez & Sarajedini 2016) .
Another tool used to classify GGCs in Oo-type is the Bailey diagram. Oo-I and Oo-II clusters commonly follow the two distinct curves shown in Fig. 6 (top panels) and defined in Cacciari et al. (2005) . The RRLs in Sculptor present a significantly wider distribution than either Ooclass. In fact, for each given amplitude stars cover a large period range around both Oo-lines, with a minor fraction populating the intermediate region. It is clear that an Oointermediate classification does not necessarily mean that stars are predominantly between the Oo-I and Oo-II loci; the distribution also extends to and beyond those loci. Therefore, a classification based only on the mean periods for RRab-type (and/or RRc-type) stars is clearly insufficient to characterize the range of properties among the RRL stars in Sculptor.
As we demonstrated in Paper I, the RRL stars show a spread in V magnitude of ∼0.35 mag, significantly larger than the typical uncertainties in the mean magnitude (σ=0.03 mag), and larger than the spread expected from the simple ageing of a mono-metallic population. We also show that the vast majority of the RRLs span a significant metallicity spread of ∼ 0.8 dex, bracketed between ∼-2.3 and ∼-1.5 dex. When splitting the sample of RRLs at V RRL =20.155 mag, thus defining a bright (Bt) and a faint (Ft) sample, the spread in metallicity is reflected in the two groups. In Martínez-Vázquez et al. (2016, Paper II) , we show that the Bt sample is, on average, more metal-poor ( [Fe/H]Bt = -2.03) than the Ft one ( [Fe/H]F t = -1.74).
The Bailey diagram (Fig. 6) shows the Bt and Ft samples with blue and orange symbols, respectively. Interestingly, stars selected in the CMD are clearly separated in the Bailey diagram as well: Bt, metal-poor RRL stars are closer to the Oo-II sequence, while Ft, more metal-rich RRL stars follow a distribution similar to an Oo-I system. This is also reflected in the mean periods of the Bt and Ft groups, which are similar to those defining the OoII and OoI systems, respectively (see Table 5 ). This supports the conclusion that in complicated systems such as Sculptor, characterized by an important chemical evolution at an early epoch, the Oosterhoff classification must be treated cautiously, and that the mean period alone does not provide a full characterisation of the target stellar system. Kaluzny et al. 1995 , is relatively higher than in the rest of the other dSph galaxies (see Table 6 Stetson et al. 2014) : it is almost twice the fc obtained in other dSphs. This may be linked to the HB morphology, which has a strong blue component in Sculptor, which may in turn be linked to the details of its early star-formation history.
(ii) The shortest period found for the RRab stars is 0.48230141 days (with A V =1.280 mag, star: scl-CEMV397). The lack of High Amplitude Short Period fundamental RRL stars (HASP; A V 0.75 mag, P ≤ 0.48 (log P ≤ -0.32) Fiorentino et al. 2015a) suggests that Sculptor does not host a significant metal-rich ([Fe/H] -1.5) old stellar population, as has been confirmed in our analysis of Paper I.
Distance to Sculptor from the RRL stars
In Paper I we estimated the true distance modulus from the full sample as well as the clean sample of RRLs. The distance estimates to Sculptor were derived using the three different subsamples (RRab, RRc, and RRab+RRc fundamentalized). The use of three photometric bands and two periodWesenheit relations (PWR) in V , B -V , and V , B -I (these Open symbols show the bad data points, i.e, with errors larger than 3σ above the mean error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and I light curves have been shifted by 0.4 mag downand upward, respectively. Tinted backgrounds mark those RRL stars classified as members of the clean sample. All light curves are available as Supporting Information with the online version of the paper.
are reddening-free and are only minimally affected by the metal content, Marconi et al. 2015) allowed us to provide a very accurate distance. Table 3 in Paper I summarizes the individual distance moduli obtained applying different calibrations 1 . The errors on individual distance moduli are never larger than 0.02sys and 0.09ran. Finally, we adopted a mean true distance modulus (µ) of 19.62 mag with σ=0.04 (see § 4 of Paper I for more details). This estimate is in good agreement with values based on other reliable indicators (Rizzi 2002; Pietrzynski et al. 2008) . ′ ×15 ′ of Sculptor. We matched the two catalogues in order to check the consistency of the derived pulsational properties. 216 of Kaluzny's RRL stars are included in our sample. It is worth mentioning that the work of Kaluzny et al. (1995) includes 226 sources, but we realized that: i) 5 of these stars were duplicated (K1926=K406, K2558=K2058, K2559=K2059, K3345=K1439, K4233=K2423); ii) one (K403) is not variable in our photometry; iii) the variability of K5081 is not certain based on our data; iv) one more star is possibly misclassified, and we catalogue it as probable eclipsing binary (K3710, Clementini et al. 2005) ; v) for two of the Kaluzny's stars (K737, K4780) we are not able to derive a reliable period. The 3 AC (K3302-V25, K734-V119, and K5689) and the 2 LPV (K274 and K687) analysed in Kaluzny et al. (1995) were also found in our catalogue so, in total, we matched 224 variable stars (216 RRL + 3 AC + 2 LPV + 1 eclipsing binary + 2 probable variable stars). The individual and global properties they found are in good agreement with the values we redetermined. In particular, 90 percent of the stars matched have the same periods in both catalogues, within 0.001 days. The global properties are also in good agreement, despite the fact that the two surveys cover a different fraction of Sculptor's main body. Kaluzny et al. (1995) found that the mean period of the fundamental pulsators and the frequency of first overtones are, respectively, < P ab >=0.585 d, < Pc >=0.338 d, and fc=0.40. In this work, the mean periods of the 289 RRab and 197 RRc are < P ab >=0.602±0.004 d (σ=0.08), and < Pc >=0.340±0.003 d (σ=0.04), respectively. The fraction of RRc variables is equal to fc=0.41 and becomes 0.46 if we also include the RRd, i.e., f cd =0.46. It has to be stressed that roughly 2/3 of the OGLE images are included in our sample. The few outliers with discrepant periods in the two studies can be ascribed to an aliasing problem, which is more likely solved by our larger database. Nevertheless, the overall excellent agreement is further independent proof of the quality of the OGLE data and observing strategy, even with a limited number of phase points as in this case.
ANOMALOUS CEPHEID STARS
We confirm the existence of 4 Anomalous Cepheids (ACs) in Sculptor, as previously found by Smith & Stryker (1986) and Kaluzny et al. (1995) . In Table 6 we summarize the properties of these stars. Two of them (scl-CEMV284 and scl-CEMV388) were discovered by Baade & Hubble (1939) and analysed for the first time by Swope (1968) , obtaining periods of 0.926 and 1.346 days, respectively. Another (scl-CEMV160) was discovered by Thackeray (1950) , who obtained a period of 1.15 days. All three of these variables were included in the van Agt (1978) catalogue, with similar periods. The fourth AC, scl-CEMV447, was discovered and classified as such by Kaluzny et al. (1995) , with a period of 0.85541 days. These previous determinations of the periods for the four ACs are in good agreement with those presented here (see the sixth column in Table 6 ).
ACs can form through two different channels (Bono et al. 1997a; Cassisi & Salaris 2013) . They can be the progeny of coalesced binary stars, thus evolved blue straggler stars (BSS) tracing the old population (Renzini et al. 1977; Hirshfeld 1980; Sills et al. 2009 ). Alternatively, they can be a life stage of metal-poor (Z<0.0006, Fiorentino et al. 2006) , single stars with mass between ∼1.2 and ∼2.2 M ⊙ and age between 1 and 6 Gyr (Demarque & Hirshfeld 1975; Norris & Zinn 1975; Castellani & degl'Innocenti 1995; Caputo et al. 1999) . Given the predominantly old stellar population of Sculptor (de Boer et al. 2012) , it is unlikely that ACs proceed from such a young, elusive population (if any), in agreement also with the analysis of the BSS population (Mapelli et al. 2009 ) which excludes the occurrence of such young stars in Sculptor.
The classification of the pulsation mode of ACs is not trivial and cannot be easily determined from the morphology of the light curves (Fig. 7) or from the period-amplitude diagram alone. Theoretical predictions indicate that for the same luminosity and colour, first-overtone (FO) pulsators are less massive than fundamental (F) pulsators. Therefore, determining the correct pulsational mode is important for obtaining a reliable mass estimate. To distinguish between F and FO pulsators we follow two approaches. First, the different pulsation modes follow different period-luminosity relations -which are also different from those of classical and type II cepheids. Their location in the PL diagram can therefore be used to constrain their pulsation mode (see, e.g., Bernard et al. 2013) . We find that all four ACs in Sculptor fall squarely on the sequence corresponding to the fundamental mode ACs. The second approach has been presented in Fiorentino & Monelli (2012) , and is based on the method described in Marconi et al. (2004) . It is known that ACs obey well-defined mass-dependent period-luminosityamplitude (MPLA) and period-luminosity-colour (MPLC) relations (Marconi et al. 2004) :
However, the MPLA relation is only valid for F pulsators, whereas MPLC relations exist for both pulsation modes.
In order to assign a pulsation mode and a mass to each AC, we proceed as follows. We first estimate the mass using both the MPLA and MPLC relations for F pulsators. Then, when these two values agree with each other within 2-σ, we classify the star as F mode and take the mean mass as the true value. If instead the two mass estimates are not consistent, we assume that the star is a FO pulsator and we use the corresponding MPLC relation for the mass estimation. This method confirms independently that all ACs are F pulsators (see Table 7 ).
Smith & Stryker (1986) provided a mass value for two Sculptor ACs: scl-CEMV284 (2.0 +1.4 −0.8 ) M⊙ and scl-CEMV388 (0.6 +0.4 −0.2 M⊙) from a linear pulsation theory assuming that they pulsate in the F mode with a pulsational constant of Q=0.0034 (Wallerstein & Cox 1984) . The first value is in agreement within the errors with our estimate, but the second one is different at the 3-σ level. Nevertheless, as Smith & Stryker (1986) noted, both their mass estimates have substantial uncertainties due to their photometry, and our improved data make us more confident in our determinations.
Fig 8 is a zoom-in of the CMD on the region of AC stars that shows a comparison of theoretical evolutionary tracks for different masses (1.5 -3.0 M ⊙ ) and [Fe/H] (-2.0 and -1.8). The adopted stellar models have been retrieved from the BaSTI library (Pietrinferni et al. 2004) or-when not available in the database-have been computed for this specific project using a theoretical framework fully consistent with the BaSTI assumptions. In more detail, the models shown in Fig. 8 are based on a scaled-solar heavy element mixture, assume a canonical (no overshooting) physical framework, and a mass loss efficiency on the RGB with the free parameter η entering in the Reimers (1975) law set to 0.4. The models were shifted using the distance modulus µ=19.62 mag (Paper I) and foreground reddening E(B-V )=0.018 mag (Pietrzynski et al. 2008) , and assuming the standard extinction law from Cardelli et al. (1989) . The blue lines show the zero-age helium-burning (ZAHeB) loci for stars with masses from ∼1 to 3 M ⊙ . Green dashed and black solid lines correspond to the core He-burning evolutionary tracks for stellar models igniting triple-α nuclear reactions at the tip of the RGB under conditions of partial electron degeneracy (initial mass lower than ∼2.0M ⊙ ) and no-electron degeneracy, respectively (see Cassisi & Salaris 2013 for a detailed review on this topic). The termination of the core He-burning stage (central He abundance equal to 10 percent of the initial value) is marked as green and Table 4 for a description of the Q1 and Q2 parameters. Table 7 . Parameters of the AC stars in Sculptor dSph. Figure 7 . Sample of light curves of the AC stars in the B (blue), V (green) and I (red) bands, phased with the period in days given in the lower right-hand corner of each panel. The name of the variable is given in the left-hand corner of each panel. Open symbols show the bad data points, i.e., with discrepancies larger than 3σ above the standard error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and I light curves have been shifted by 0.4 mag down-and upward, respectively. black stars, respectively. The gray lines correspond to the boundaries of the instability strip (Fiorentino et al. 2006) .
The left panel of Fig. 8 shows that a metallicity of [Fe/H]=-2.0 provides a good match between the location of three of the observed stars and the tracks with mass value in the range 1.60-1.80 M ⊙ . These masses are in good agreement, within the errors, with the mean mass estimated above: < MAC >=1.54M ⊙ (σsys=0.20 M ⊙ , σran = 0.08 M ⊙ ). However, the brightest AC is ∼ 0.1 mag brighter than expected at this metallicity. An increase in metallicity by 0.2 dex (right panel) provides a good fit of all four stars, but implies slightly larger stellar masses of ∼1.90 M ⊙ that is in agreement, for the adopted theoretical scenario, within 2-σ.
These two low metallicities are in agreement with previous estimates by Smith & Stryker (1986) , who gave a mean value close to [Fe/H]=-1.9 (σ = 0.3 dex) 2 as the mean of 2 Smith & Stryker (1986) used the ∆S parameter to measure the three out the four ACs (scl-CEMV284, scl-CEMV388 and scl-CEMV160). Fig. 9 shows the light curves of the 23 variable stars identified in the relatively faint part of the CMD of Sculptor, where the IS crosses the MS and the sub-giant branch for masses typically larger than 1 M ⊙ (see Fig. 1 ). In this region, variable stars are characterized by short periods (from minutes to a few hours) and low amplitudes (a few tenths of a magnitude). They typically present several pulsation modes simultaneously, both radial and non-radial (Santolamazza et al. 2001; Poretti et al. 2008 ). These properties makes them elusive targets in external galaxies, as the intrinsic faint brightness makes them difficult to detect, given that the long exposure times required to have good measurements conflict with their short periods. Commonly, these variable stars are classified as δ Scuti when they are population I (young and more metal-rich stars), or SX Phoenicis (SX Phe) when they are population II metal-poor counterparts. The latter are typically observed in GCs, and they are associated with the BSS that, leaving the MS, cross the IS above the main-sequence turnoff of the cluster population. SX Phe stars are important because their pulsational properties allow us to derive their distances (McNamara 2011) and structural parameters such as the BSS mass (Fiorentino et al. , 2015b , which is a key ingredient in deriving the dynamical friction in globular clusters (Ferraro et al. 2012 ).
SX PHOENICIS STARS
In the case of dwarf galaxies the situation is more complicated. On the one hand, dwarf galaxies that are composed of old populations only (> 10 Gyr, or fast systems according to the nomenclature introduced by Gallart et al. 2015) appear similar to GCs: the colour of the main-sequence turnoff (MSTO) stars is redder than the red edge of the IS. Therefore, only BSS stars (bluer and brighter than the MSTO stars) can cross the IS at this magnitude level when moving red-ward after central H exhaustion. On the other hand, slow dwarf galaxies characterized by star formation at all epochs can host a mix of different variable stars in this region of the metallicities for the ACs through an adaptation of the ∆S method for RRLs. CMD (see the case of Carina, Coppola et al. 2015 and the Large Magellanic Cloud, Poleski et al. 2010) . Given the lack of evidence for the presence of a young population in Sculptor (see § 5), we assume here that these are the progeny of coalesced binaries stars, and therefore SX Phe.
SX Phe stars of different pulsational modes do not show a clear separation in the period-amplitude diagram. However, they do follow a period-luminosity relation (McNamara 2000; Petersen & Christensen-Dalsgaard 1999; Fiorentino et al. 2014 ).
Considering the above evidence and taking advantage of the models/relations developed in Fiorentino et al. (2015b) , we obtain the theoretical pulsation parameters for the 23 SX Phe stars discovered for the first time in Sculptor (see Table 8 ). First, we used the predicted PL relations in the B and V bands to perform a detailed mode identification, assuming the distance modulus derived in Paper I and reddening from Pietrzynski et al. (2008) . Pulsation modes can best be identified using the theoretical predictions in the B -band PL planes (see Table 3 in Fiorentino et al. 2015b ) because the B-band is the least noisy for this kind of star. We considered the relation for metallicities Z=0.001 and Z=0.0001. The pulsation modes (F-fundamental-, FO-first overtone-, SO-second overtone-, and TO-third overtone-) have been determined according to the proximity to a PL relation in the M B -period plane. Figure 10 shows the absolute B -band and Vband PL relations. The latter is used as a consistency check of the pulsation mode chosen. For the metallicity Z=0.001(Z=0.0001)-solid(dashed) lines-we assign the following modes: 0(0) F, 16(17) FO, 6(5) SO, 0(0) TO. Both metallicities provide similar pulsation modes for the population of SX Phe stars. Furthermore, we note that the spread around the PL relations with such a classification is very small, i.e., σF O =0.02 mag and σSO=0.05 mag. However, we note that mode classification in this type of variable star is still uncertain. For example, the empirical relations of Pych et al. (2001) , with slope and zero-point similar to those from the theoretical models of Fiorentino et al. (2015b) , provide the same modes. On the other hand, the empirical relations such as, e.g., McNamara (2011) (their eq. 5a and 5b) instead suggest that 15(13) are F and 5(5) are FO; this is due to the relations having similar slopes but a zero-point offset of ∼0.3. Further studies of SX Phe stars targeting nearby galaxies (as, e.g., Coppola et al. 2015 in Carina) are warranted in order to help to clarify the situation.
Once the pulsation mode is adopted for each SX Phe star, we can use the Mass-Period-Luminosity-Metallicity relations (see Table 6 in Fiorentino et al. 2015b ) for each selected pulsation mode to estimate the masses using Bband mass dependent PL relations. We will adopt the pulsation modes derived from the theoretical relations for consistency. The mean pulsation masses for Z=0.001 are: <MF O >=1.05 M ⊙ (σ=0.01), <MSO >=1.17 M ⊙ (σ=0.02). For Z=0.0001, they are: <MF O >=0.91 M ⊙ (σ=0.01), <MSO >=1.01 M ⊙ (σ=0.01). These predicted See the caption of Table 4 for a description of the Q1 and Q2 parameters.
masses are in good agreement with the evolutionary stellar models (BaSTI, Pietrinferni et al. 2004 ) as shown in Figure 11 . Incidentally, we note that the age of a single star of such a mass is about 4 Gyr. Interestingly, in the starformation history of fast galaxies it is common to detect a peak of star formation at this age, which is interpreted as the contribution of the BSS (Monelli et al. 2010b (Monelli et al. ,a, 2016 .
OTHER VARIABLE STARS
Peculiar HB variable stars
We have identified three peculiar variable stars, with periods and LCs similar to those of RRL, but located quite above the HB. They are ∼ 0.3 mag brighter than the brightest RRL stars of the full sample, but ∼ 0.6 mag fainter than the faintest ACs. The properties of these stars, which we could not classify convincingly -see below -are summarized in Table 9 , while their LCs are presented in Fig. 12 .
From an inspection of the CMD these stars are unlikely to be ACs, which are typically more than 1 mag brighter that the HB in the V band. Their location suggests they are either RRL affected by blending or stars evolving off from the blue part of the HB, i.e., stars on the verge to become BL Herculis (BL Her) variables. The first hypothesis is not convincing since these objects are located far from the galaxy centre (see Fig. 2 ). Furthermore their amplitudes (see Table 9 ) and their amplitude ratios (AB/AV ∼ 1.34 and AV /AI ∼ 1.57) are similar to that expected for normal RRL stars (Di Criscienzo et al. 2011) thus not supporting a possible blend effect. The second hypothesis is also unlikely, since BL Her typically have periods >1 day (e.g., Wallerstein 2002; Soszyński et al. 2010; Marconi et al. 2011; Soszyński et al. 2015) , while these have periods < 0.8 day. Besides, according to the current evolutionary scenario the time spent within the Instability Strip by a star with such a luminosity after the central Helium burning is very short (<<10 Myr; e.g., Pietrinferni et al. 2004) , which means that only in systems with a prominent extreme BHB can we expect to observe BL Her stars (e.g. Maas et al. 2007 ).
We therefore cannot classify these variables convincingly, but note that similar peculiar objects have been detected in other galaxies (e.g., Carina: Dall'Ora et al. 
Eclipsing binaries
Five eclipsing binaries have been detected. The LCs for five of them are shown in Fig. 13 , and the properties are summarized in Table 10 . It is worth noting that, for scl-CEMV398, despite the fact that its LC is very similar to one RRc, we classified this star as eclipsing binary based on both the flattening of the brighter part of its LC and on the period (P=0.474 d, unusually long for a RRc-type star). Note also the classification provided by Clementini et al. (2005) , who classified it as "suspected binary system".
Field variable stars
We have identified three variable stars compatible with being foreground field stars. Their LCs are shown in Fig. 14 , and the properties are summarized in Table 11 . Two are compatible with being field δScuti stars.
Likely candidates
A sizeable sample of 37 LPV and 23 probable variable stars has been detected in Sculptor. For the case of the LPV stars, due to their long periods, a large number of phase points together with an appropriately long temporal coverage are needed to define the shape of their LCs. Despite our large data set, we have not been able to characterize the properties of these stars. We consider a star to be a candidate LPV when we obtain concordant magnitude measurements within individual nights and individual observing runs, but average See the caption of Table 4 for a description of the Q1 and Q2 parameters. See the caption of Table 4 for a description of the Q1 and Q2 parameters. See the caption of Table 4 for a description of the Q1 and Q2 parameters.
results from observing runs separated by many months or many years are highly discrepant. For the case of the probable variables, the insufficient data and the inability to achieve a good light curve makes the classification and the period determination of such stars difficult to do. Based on these facts, we named them "likely candidates". Table 12 shows the list of these stars. We note that: i) 31 out of 37 LPV stars are located near the tip of the RGB; and ii) out of the 23 probable variable stars, 4 could be possibly eclipsing binaries, and 2 could be RRc stars.
Non-variable stars
The comparison with previous work on variable stars in Sculptor discloses that we do not detect any trace of variability in a number of sources previously catalogued as variable, mostly from the van Agt (1978) paper, and a few from the Kaluzny et al. (1995) . The list is presented in Table 13 .
DISCUSSION: THE FAST EARLY CHEMICAL EVOLUTION OF SCULPTOR AND TUCANA
In this work, we presented the most complete and updated catalogue of variable stars in the Sculptor dSph. This is so far one of the largest RRL star samples in external galaxies of similar morphological type. As demonstrated in Paper I, the combination of a large sample together with high quality and multi-band photometry, allowed us to set tight constraints on the metallicity distribution of the old stellar component, and revealed the presence of a significant metallicity spread within the RRL star population (t > 10 Gyr). This implies that Sculptor underwent substantial chemical enrichment fast enough to be imprinted in the population we observe today as RRL stars. This manifests itself through a large luminosity spread of the RRL stars (∼0.35 mag) that is inconsistent with the evolution of a monometallic population (Paper I). Moreover, we showed that, when splitting the sample of RRL stars according to their luminosity relative to the mean < V > mag, the brighter and the fainter subsamples follow different spatial distributions, the latter being more centrally concentrated than the former. If we interpret the bright and faint components in terms of metallicity, the latter is consistent with being more metal-rich. This result is consistent with he spectroscopic results of Tolstoy et al. (2004) . This implies that, in agreement with what is generally found in dwarf galaxies, the youngest and chemically more evolved population is located in the innermost regions, surrounded by a more uniform older and more metal-poor one, suggesting a metallicity gradient. In the present work (see § 4.2) we showed that the Bailey diagram is quite complex, with stars populating the region around and intermediate to the typical Oo-I and Oo-II loci. Interestingly, we found that the bright, metal-poor, more extended population preferentially follows the location of the Oo-II (typically more metal-poor) GCs, while the faint, more metal-rich, more centrally concentrated RRL stars have a distribution closer to that of Oo-I clusters.
A surprisingly similar empirical result was found in the Tucana dSph. Bernard et al. (2008) disclosed that the pulsational properties of the RRL stars in this galaxy trace a spatial gradient in the metallicity of its individual stars, which therefore must have appeared very early on in the history of this galaxy. As in Sculptor, fainter RRLs are more centrally concentrated than the brighter RRLs. This was the first time that a spatial variation of pulsational properties was observed in a dwarf galaxy, thanks to the large spatial coverage and number of variables discovered. Fig. 15 compares the Bailey diagram and the period distribution of the RRL stars populations in Sculptor and Tucana. The distribution of the RRab-type shows the same general characteristics, with a large period dispersion at fixed amplitude. This is reflected in the normalized histogram in the lower panel, which clearly shows that the period coverage is essentially the same.
Indeed, the old population of the two systems presents striking similarities, which are unique among the low-mass galaxies of the LG. No other dSph investigated so far shows such clear evidence of chemical evolution imprinted in their population of RRL stars. This may suggest that the early conditions of the two galaxies, and in particular the mass and star formation histories may have been similar, in order to explain that both systems were able to retain enough nucleosynthesis products to provide early enrichment as observed today. Nonetheless, Sculptor and Tucana also exhibit important differences.
At present, Tucana is a very isolated dSph at the edge of the Local Group (∼ 870 kpc from the MW versus ∼ 84 kpc for Sculptor). Given its current location in the Local Group and its relatively high recession velocity, Tucana seems to have been an isolated Local Group galaxy during the majority of its lifetime, except perhaps for a close encounter with the MW or M31 at early epochs (Fraternali et al. 2009 ). On the contrary, with an apogalactic distance of 122 kpc and orbital period of 2.2 Gyr (Piatek et al. 2006) , Sculptor spent most of its existence within the halo of the MW. Under these conditions, theoretical investigations indicate that tidal stripping, stirring, and ram-pressure stripping (Blitz & Robishaw 2000;  Mayer et al. 2006) , as well as the local UV radiation from the primary galaxy (Mayer et al. 2007 ) all act to remove dark matter and/or baryons from the dwarf, implying that satellite galaxies such as Scl may have been up to ten times more massive in the past (Kravtsov et al. 2004) . However, Sculptor is considerably more massive than Tucana at the present time (M V = -11.1 versus -9.6 for Tucana). If Sculptor had been ten times as massive as we observe it today, the mass-metallicity relation would suggest a larger increase in metallicity at early times. However, this is in contrast with the lack of HASP RRL stars, which are solid tracers of an old stellar population more metal-rich than [Fe/H] -1.5. Moreover, Coleman et al. (2005) demonstrated that beyond the tidal radius (from both photometric and spectroscopic data) there is no evidence of extra-tidal structure, suggesting the absence of strong tidal interaction. This argues against substantial mass loss along Sculptor's history and may suggest that, possibly, Sculptor has quietly and passively evolved during its revolutions around the Milky Way. The similarity of the stellar populations of Sculptor and Tucana, including at early times, provides support to the scenario about the origin of the dwarf galaxy types introduced by Gallart et al. (2015) , in which dwarf galaxy types may be imprinted by the early conditions of formation rather than only being the result of a recent or secular morphological transformation driven by environmental effects. In this particular case, both Sculptor and Tucana may have formed in the relatively high density environment close to the centre of what would become the Local Group, and this would be instrumental in becoming fast galaxies, i.e., galaxies whose star formation history is dominated by en early and short star formation event, with little star formation afterwards. The subsequent sustained interaction of Sculptor with the Milky Way would have had a minor effect in its star formation history and mass characteristics, and thus Sculptor and Tucana remain galaxies with similar mass and star formation history today despite the substantially different secular evolution.
SUMMARY AND CONCLUSIONS
We have presented the largest catalogue (so far) of variable stars in the Sculptor dSph galaxy. This work is based on the homogeneous photometric analysis of 4,404 images in the B , V , and I bands collected over 24 years in 21 different observing runs and using 6 different telescopes and 7 different instruments, employing the same methodologies as the "Homogeneous Photometry" series. The main results of this work are:
• Basic properties (period, amplitude, mean magnitude, position) have been made available for all the stars, together with the light curves and the finding charts (see Appendix A).
• In total, we have discovered 147 variable stars in the calibrated portion of the Sculptor dSph, among which 81 are RRLs, 23 SX Phe, one peculiar, one eclipsing binary and 38 "likely candidates" (31 of them are probable LPV stars, one is a possible eclipsing binary, two are probable RRc and four more are possible variables of uncertain type).
• Out of the 634 detected variables in the current work, 334 (301 RRLs) have their periods identified for the first time, and 354 (320 RRLs) have their pulsation parameters also given for the first time.
• We have detected 536 RR Lyrae variable stars. Out of these, 289 are RRab type stars, 197 are RRc, and 50 stars are suspected RRd double-mode pulsators. We have discussed the distribution of stars in the Bailey diagram, showing that the metallicity spread among RRL stars discussed in Paper I reflects not only in the luminosity spread Open symbols show the bad data points, i.e., with discrepancies larger than 3σ above the standard error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and I light curves have been shifted by 0.4 mag down-and upward, respectively. Beige backgrounds mark those SX Phe stars classified as within the clean sample. All light curves are available as Supporting Information with the online version of the paper.
of the HB, but also in the broad period distribution that covers both Oo-I and Oo-II loci as well as the intermediate regions and in the amplitude range for a given period;
• We have confirmed the existence of four ACs over the surveyed area. We have derived the pulsation mode and the mass of each of them, which is close to 1.5 M ⊙ for all.
• We have discussed 23 newly discovered SX Phe stars. Using theoretical models developed by (Fiorentino et al. 2015b) , and the distance derived from RRLs in Paper I, we classified them as 16 (17) They were plotted assuming a true distance modulus of 19.62 mag (Paper I) and a reddening of 0.018 mag (Pietrzynski et al. 2008) plus the reddening law from Cardelli et al. (1989) .
from the zero-point offset (∼0.3 mag) between both relations. The mean mass derived for them is of about 1 M ⊙ . If we assume that the entire sample of SX Phe comes from single star evolution, they might indicate a residual star formation ≃4 Gyr ago, or coalescence of very low mass stars.
• We also discuss the existence of three peculiar variable stars, located in the region of the CMD between the RRL star and the ACs, which have pulsation properties inconsistent with other classes of variable brighter than the HB, such as the BL Her stars. Their nature remains unclear.
• Five eclipsing binaries and 37 probable long period variables, and a few (3) field variable stars were also presented.
We have discussed the striking similarities between the properties of the old population in the Sculptor and Tucana dSph galaxies, which are imprinted in the complex populations of their RRL stars. Despite the large spatial coverage of the present work (∼2.5 deg 2 ), a complete investigation of stellar variability over the full tidal radius of Sculptor is still lacking. Moreover, a direct confirmation of the metallicity spread among the RRL population through spectroscopic follow-up could provide further insight into the early chemical evolution of this galaxy. The future development of this project does require new precise and radial velocity Figure 12 . Sample of light curves of the peculiar variable stars in the B (blue), V (green) and I (red) bands, phased with the period in days given in the lower right-hand corner of each panel. The name of the variable is given in the left-hand corner of each panel. Open symbols show the bad data points, i.e, with errors larger than 3σ above the mean error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and V light curves have been shifted by 0.4 mag down-and upward, respectively. measurements of both RG and HB stars to assess whether the two different populations show different kinematics and different chemical enrichment histories as recently suggested by (Fabrizio et al. 2015 for Carina dSph. Note that the quoted approach took advantage of the cUBI index to separate stellar populations along the RGB. This means that deep and accurate U-band photometry is also urgently required. scl-CEMV584 p=0.54797 Figure 13 . Sample of light curves of the eclipsing binary stars in the B (blue), V (green) and I (red) bands, phased with the period in days given in the lower right-hand corner of each panel. The name of the variable is given in the left-hand corner of each panel. Open symbols show the bad data points, i.e, with errors larger than 3σ above the mean error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and I light curves have been shifted by 0.4 mag down-and upward, respectively. scl-CEMV600 p=0.04672 Figure 14 . Sample of light curves of the field variable stars in the B (blue), V (green) and I (red) bands, phased with the period in days given in the lower right-hand corner of each panel. The name of the variable is given in the left-hand corner of each panel. Open symbols show the bad data points, i.e, with errors larger than 3σ above the mean error of a given star; these were not used in the calculation of the period and mean magnitudes. For clarity, the B and I light curves have been shifted by 0.4 mag down-and upward, respectively. 
